Abstract. We give a proof of the injectivity of the generalized Petri map at a general curve for canonical determinant rank 2 vector bundles which are generated by their global sections. In particular this implies that if the moduli space W r 2,ω C of those stable bundles over the curve C with h 0 (E) ≥ r + 1, contains a generated bundle E with h 0 (E) = r + 1, then it has a component of the expected dimension and
Introduction
In this paper we consider a deformation problem for rank two holomorphic vector bundles over compact Riemann surfaces.
More precisely, in the moduli space of rank 2 stable bundles with canonical determinant we study the locus W r 2,ω C of those admitting at least r + 1 linearly independent holomorphic sections.
We restrict ourselves to the case of bundles which are generated by their global sections.
In analogy with the classical Brill-Noether theory for line bundles, we prove that at a curve of general moduli W r 2,ω C has expected dimension and expected singularities, as conjectured by Bertram-Feinberg ([BF] ) and Mukai ([M] ), assuming this locus contains a generated bundle E with h 0 (E) = r + 1. The proof is inspired by H. Clemens's recent proof of the classical Petri conjecture for line bundles ( [C] ) and is based exclusively on local properties of the deformation space of the pair (curve, vector bundle).
1.1. Statement of the Bertram-Feinberg-Mukai conjecture. Let C be a compact Riemann surface of genus g ≥ 2. Given integers n, d, there exists a moduli space U (n, d) parametrizing stable vector bundles of rank n and degree d on the curve C.
As a natural generalization of the Brill-Noether-Petri conjecture for line bundles (see e.g. [ACGH] ), given n, d and another integer r, consider the so-called Brill-Noether locus in U (n, d) defined (as a set) as
From the theory of determinantal varieties (see [ACGH] , p. 176 and [L] ), the expected dimension for W r n,d is given by ρ(n, d, r, g) = n 2 (g − 1) + 1 − (r + 1)(r + 1 − d + n(g − 1))
where to negative values of ρ there should correspond the empty set. Furthermore one has W r+1 n,d ⊆ Sing(W r n,d ) For line bundles the following results of Gieseker ([G] ) and Eisenbud-Harris ([EH] ) hold at a curve of general moduli :
• the dimension of W Moreover, assuming existence of a line bundle L ∈ P ic d (C) with h 0 (L) = r + 1, the above are equivalent to the Petri map
being injective. It is natural to ask questions on dimension and singularities in higher rank, too. The straightforward generalization of the classic results for line bundles does not hold. For example (see [T] ) it is possible to have ρ ≥ 0 for negative values of the degree, while it is well-known that negative degree semistable bundles cannot have sections. The statement on the singular locus turns out to be false also (see [T] ).
It therefore seems natural ( [BF] , [M] ) to require further conditions which are somehow 'hidden' for the line bundle case. Starting from vector bundles of rank 2, Mukai in [M] attacks the problem by considering a smaller space : instead of only fixing the degree of the bundle he asks that the determinant be fixed.
More precisely, consider the set
where ω C ∈ P ic 2g−2 (C) denotes the canonical bundle. Following Bertram-Feinberg ([BF] ) and Mukai ([M] ), we take U (2, ω C ) to develop a Brill-Noether type theory (there are many possible choices). The moduli space U (2, ω C ) is stratified by the number h 0 (E) of linearly independent global holomorphic sections.
Let
Bertram and Feinberg ( [BF] ) and Mukai ([M] , [M1] ) show that this space has the structure of a determinantal variety with expected dimension given by ρ(2, r, ω C ) = 3g − 3 − (r + 1)(r + 2) 2 which in analogy with the line bundle case is called Brill-Noether number.
The following statement is easy to check : (1.1.1) ( [M] , [BF] 
is smooth in E with dimension ρ(2, r, ω C ) if and only if the map
This led Bertram, Feinberg ([BF] ) and, independently, Mukai ([M] , [M1] ) to formulate the following
Conjecture :
Assume the curve C of general moduli, then :
This conjecture is known in the literature as the Bertram-Feinberg-Mukai conjecture. Now (b) naturally splits into the following two conjectures :
and by (1.1.1) parts (b 2 ) and (c) of the conjecture are equivalent to the following :
Problem :
Is the generalized Petri map
We focus on this part of the conjecture. We therefore always assume existence of a stable bundle E of rank 2 and canonical determinant with h 0 (E) = r + 1. Moreover, we assume this bundle E to be generated by its global sections. In the line bundle case this is not restrictive, whereas in this situation it is indeed an assumption.
Under this assumption, we give a proof of the injectivity of the generalized Petri map at a general curve using the techniques developed in [C] .
1.2 Outline of proof. Let E be a rank 2 vector bundle on the curve C such that det E = ω C .
We begin by remarking some simple properties of such a bundle.
gives a canonical identification
which we will use implicitly throughout this paper.
Moreover, the sequence
is exact, as can easily be checked working locally. Therefore, letting End 0 (E) denote the sheaf of traceless endomorphisms of E, we have a perfect pairing
which will play a fundamental role.
To prove the injectivity of the generalized Petri map, we will establish the following.
We are studying the homomorphism
which governs the extension of sections under a first order deformation of E. Under the decomposition
the summand H 1 End 0 (E) corresponds to first-order deformations with fixed determinant.
The perfect pairing
into symmetric and skew homomorphisms. It is easy to check that the following diagram is commutative :
where the lower horizontal map is the composite of the (dual) Petri map for the line bundle Λ 2 E = ω C :
and of the map
, and the map T is just the projection of
Therefore the homomorphism (1.2.3) is, under the decompositions (1.2.4) and (1.2.5) the direct sum of homomorphisms
Notice that the map µ 0 is just the dual to the generalized Petri map
denote the sheaf of differential operators on (sections of) E. Consider the exact sequence
and the natural map
Since the natural map
takes values into skewsymmetric homomorphisms, composition with projection gives the zero map
Therefore the map (1.2.6) induces a well-defined morphism
The proof of the conjecture will follow by establishing the assertion that the image ofμ is the same as the image of its restriction to operators of order 0
This implies that the rank 2 analogues of the higher µ-maps introduced by Arbarello and Cornalba ([AC] ) in line bundle case are all zero, and from this a simple cohomological argument gives the injectivity of the generalized Petri map.
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Review of deformation theory
Let us start by recalling some definitions and notations from [C] and [C1] .
Let M 0 be a complex manifold and
Given a deformation, there always exist trivializations, and there are many possible choices (see [C, Lemma 1.4, p.5] ). The choice of a trivialization determines the so-called Kuranishi data, that is, a formal power series
where each ξ j ∈ A 0,1 (T 1,0 ) is a (0,1)-form with coefficients in the holomorphic tangent bundle of M 0 , which "measures the change of complex structure".
Conversely, given a formal power series
this uniquely determines a (formal) deformation/trivialization of M 0 up to analytic automorphism of M/∆ (see, e.g., [C1] ). Notice in particular that by (2.1) ξ 1 is ∂-closed, and its class in H 1 (T M 0 ) is given by the Kodaira-Spencer class of the deformation.
Schiffer type deformations
Following [C] , (1.11), we now consider a special class of deformations. Let M 0 be a complex manifold and A 0 ⊂ M 0 a divisor. Let
be a vector field which is (1) meromorphic in an analytic neighborhood [C] and [GM] ) the Kuranishi data
(where L β denotes Lie differentiation with respect to the vector field β and we set, for an operator D, e
) are well-defined and integrable, hence they give rise to a deformation/trivialization
Moreover for such a trivialization we have that a function f = f β •F β is analytic on M β if and only if
(see [C, Lemma 1.12] ).
Schiffer variations of rank 2 bundles.
Let C β /∆ be a Schiffer-type deformation of the curve C 0 . That is, as above, C β /∆ is given by Kuranishi data
for some divisor
be a rank 2 vector bundle over the curve C 0 and let
We wish next to construct some vector bundle deformation
Let {U i } be a covering of C 0 with the following properties :
(i) U 0 denotes the unique open set of the cover containing A 0 and each of the other U j has the property that
(ii) There exists an analytic vector-bundle trivialization
for each i.
Then each local isomorphism induces a unique (horizontal) liftingβ i of β to a vector field on
0 is a lifting of β. Notice further that, by construction,β is a lift of a vector fieldβ
where χ is the Euler vector field of the line bundle
is therefore given by a deformation of line bundles over the deformation Xβ of X 0 whose restriction to each fiber of X 0 /C 0 is trivial and so E ∨ β is a vectorbundle deformation of E ∨ 0 over the deformation C β of C 0 . From the exact sequence
we can adjust the liftingβ by any section of
If the section is of the form
such that σ is C ∞ on C 0 − A 0 and meromorphic near A 0 , then
Lemma 2.2.1 Given a predetermined vector-bundle deformation
Proof. Inductively define coefficients
as in [C ; Lemma 2.6] using that the natural map
is surjective.
Therefore given the deformation (2.2.3) we can assume that we have choseñ
Again since the map
is surjective, inductively, it is easy to see that, if we alter our newβ by any
Finally, as in [C] we will want to study the operators
associated to the operator ∂ E/∆ . We will need to twist these operators without changing the deformation of complex structure of E/C β but only changing the associated trivialization. We do this exactly as in [C] . Namely, if
is holomorphic near A 0 , then the operator
measures holomorphicity of sections of E/C β with respect to a trivialization obtained from the previous one by twisting by the (infinitesimal) gauge transformation γ.
3. Differential Operators.
denote the sheaf of (holomorphic) differential operators, resp. the sheaf of differential operators of order ≤ n, on (sections of) the vector bundle E 0 . Then for all n ≥ 0 we have exact sequences
induced by the symbol map on differential operators.
We next define subsheaves of D n (E 0 ) for all n ≥ 0. Let
and consider the line bundle
denote the sheaf of (holomorphic) differential operators of order ≤ n on the line bundle O X 0 (1). We have a natural exact sequence
where the second last map is given by the symbol map on differential operators.
The sheaf
given by the operators which are O C 0 -linear. Under the natural morphism
which derives from the definition of differential operators,
for all n > 0.
In particular, since D 1,C 0 (O X 0 (1)) is generated by sections of p * D 1,C 0 (O X 0 (1)), in fact, by lifts of global sections of
we have an exact sequence
Tensoring with End (E 0 ) we obtain
But if we apply k • p * to the exact sequence
Therefore tensoring with End (E 0 ) we inductively obtain
We defineD
so that referring to (3.2) we have the exact sequences
Or, using the exact sequence
we rewrite the second exact sequence as
There is an exact sequence induced by the symbol map
and for all n ≥ 0 we have exact sequences
The higher µ-maps
The sheavesD n (E 0 ) ⊂ D n (E 0 ) give rise to a finer filtration of the sheaf of differential operators on E 0 :
There are natural maps
Recall by §1.2 that by Serre duality we have a natural splitting of
into symmetric and skew homomorphisms :
Since the map
obtained composing with projection is zero (see §1, (1.2.7)), we have a welldefined map
which by (3.3) and (3.4) induce maps
In analogy with the line bundle case (see [ACGH] , [AC] ), the maps µ n (resp. ν n ) are called higher µ-maps (resp. higher ν-maps). Our aim is to show that for C 0 a curve of general moduli the maps µ n+1 and ν n+1 are zero for all n ≥ 0. The method of proof will closely follow that of [C] for the line bundle case.
The vanishing of the higher µ-maps

Generating all symbols
Assume from now on that the curve C 0 is of general moduli. Next, in order to prove the vanishing of the higher µ-and ν-maps, we need to show that by varying the Schiffer variation C β of the curve C 0 we have enough differential operators to generate all symbols H 1 (Q n+1 ). Let A 0 = {x 0 } be a general point in C 0 and let β = j>0 β j t j be a vector field on C 0 × ∆ which is C ∞ on C 0 \ A 0 , meromorphic in a neighborhood of A 0 . Let C β denote the Schiffer variation of C 0 induced by β.
Since C 0 is general, there exists a deformation E ↓ p C β of E 0 −→ C 0 for which all sections extend. Then, letting X 0 = P(E 0 ) and X = P(E), by Lemma 2.2.1 there exists a liftβ of β to a vector field on X 0 such that X = Xβ.
We are free to deform the curve C 0 in any direction β. The cohomology class of the liftβ is uniquely determined by β since it has to follow the deformation of E 0 for which all sections extend. However, by what we remarked at the end of §2, we have freedom on the choice of a twist of the operator by the infinitesimal gauge transformation given by a C ∞ -vector field γ ∈ p * T X 0 /C 0 ⊗ C ∞ , holomorphic in a neighborhood of A 0 . We have the following : Proposition 4.1.1 By varying β and γ ∈ p * T X 0 /C 0 ⊗C
(holomorphic near A 0 ) the symbols of the coefficients to t n+1 in all expressions
Proof. By (3.6) we have an exact sequence
) is given by ∂β n+1 1
Therefore, using ( [C] , Lemma 3.2 , pp. 26-27), by varying the choice of β 1 and of the point x 0 in a dense subset of C 0 , we can generate the quotient
we can therefore obtain symbols which generate the stalk of the skyscraper sheaf
and therefore generate the kernel
Now if x 0 varies over a dense set in C 0 , we claim that the elements in the kernel of
To see this, pick a sufficiently ample divisor x i so that
Then the map
is of course surjective. To conclude, notice that
The auxiliary space
We follow the construction in ( [C] , pp. 19-25).
Assume that E 0 is generated by its global sections, so that
is base-point-free.
be the two projections. Let
is given by the evaluation homomorphism
Now by the vanishing of R 1 ρ * D n (Ẽ 0 (1)) (see [C, p. 20] ) we have
There is a natural map
Notice that by the vanishing of
(see [C, p. 20] ) we have R 1 p * D ′ n = 0 so that by the Leray spectral sequence
for n > 0. Now
As in §3, letD
denote the image of the natural map
and letD
Then, by the exactness of (3.1), the sequence
is exact.
The proof of the vanishing theorem.
Let C β /C 0 be a Schiffer-type deformation of the curve C 0 . Let E/C b be a vector bundle extending E 0 for which all sections extend (again, we are using the assumption of general moduli for C 0 ).
Then letting
is locally free over ∆. Let
denote the divisor off 0 , then we have
Moreover, since E 0 is generated by its global sections, D 0 is smooth and reduced.
For each holomorphic trivialization
be the trivializations induced byT and the trivializations
We denote the infinitesimal automorphism of
If we changeT toT ′ , then
Then, since E is generated by its global sections
is a linear subspace of codimension 1 for each x 0 ∈ X 0 , so we can build a C ∞ -diffeomorphism
and such that the diagram
is commutative, where the vertical maps are the standard projections, and such that the restriction of
to each fiber of the left-hand projection is a linear automorphism of projective spaces. Further we can suppose that Φ T is holomorphic over F
So by [C, Lemma 2.4 iv)] there exists a G T -compatible trivializatioñ
is a holomorphic section ofẼ(1) with divisor D defined in (4.3.1).
Since the restriction ofΦ T to fibers of ρ are assumed to be a holomorphic automorphism of O(−1) on the corresponding projective spaces, the infinitesimal automorphism ofẼ
Notice that, if eÃ :
is any holomorphic automorphism we also have
Next, using (4.3.
2) we need to analyze the elements
Applying this element to p * ρ * f0 we obtain by (4.3.2) that
Theorem 4.3.1 Let C 0 be a curve of general moduli. Let E 0 −→ C 0 be a rank 2 vector bundle which is generated by its global sections. Then the maps
defined in §3 are all zero for n ≥ 0.
denote the coefficient of t n . Now by (4.2.1)
and it is given by a formula
Since by Proposition 3.1 the elements
we have that for n ≥ 2 by varying β and A 1 the elements
Recall the filtration on D(E 0 ) defined in §3 :
This induces a filtration onD :
where we letD
as in (4.2.1) and Also note that by (3.3) and (3.4)
and
Therefore we have induced maps
which by (4.3.3) all have image contained in the previous one :
Thus in particular the images of
Imλ 0 t n We will be interested in the vanishing, for n > 0, of the maps
at a general curve C 0 .
We will use in the next section that the duals to these maps µ n : ker ν n −→ H 0 (S 2 E 0 ⊗ ω n C 0 ) and ν n : ker µ n−1 −→ H 0 (ω
(inductively defined starting from the map µ −1 : S 2 H 0 (E 0 ) −→ H 1 (ω C 0 ) given by the zero map) are therefore zero for n > 0.
Notice that ν 0 is just the restriction to S 2 H 0 (E 0 ) of the map
and is therefore the zero map, so that ker ν 0 = ker µ −1 = S 2 H 0 (E 0 ) and
is just the multiplication map, that is, the generalized Petri map defined in §1.
Brill-Noether theory
In this section, we prove the injectivity of the generalized Petri map
defined in §1.1 as a consequence of the vanishing of the higher µ-maps and ν-maps (Theorem 4.3.1). The construction generalizes a similar one, given for the line bundle case, in [ACGH1, §9.14].
We have a commutative diagram
H we have ker µ n ⊆ kerμ n .
Now by the vanishing of the higher µ-maps (Theorem 4.3.1)
for n > 0 we have ker µ n = ker ν n .
Also by the vanishing of the higher ν-maps (Theorem 4.3.1)
for n > 0 we have ker ν n = ker µ n−1 for all n > 0 therefore ker µ n = ker µ n−1 for all n > 0.
Since by (5.2.1) for n >> 0 one obviously has ker µ n ⊆ H 0 ((E 0 ⊠ E 0 )(−(n + 1)∆)) = {0} this implies ker µ 0 = {0} which proves the theorem.
